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Abstract
We prove the following result concerning the inheritance of hyper-duality by block and quotient Bose–Mesner algebras associated
with a hyper-dual pair of imprimitive Bose–Mesner algebras. LetM and M˜ denote Bose–Mesner algebras. Suppose there is a hyper-
duality  from the subconstituent algebra ofMwith respect to p to the subconstituent algebra of M˜with respect to p˜. Also suppose
thatM is imprimitive with respect to a subset I of Hadamard idempotents, so M˜ is dual imprimitive with respect to the subset
(I) of primitive idempotents, where :M→ M˜ is the formal duality associated with . LetB denote the block Bose–Mesner
algebra ofM on the block containing p, and let Q˜ denote the quotient Bose–Mesner algebra of M˜ with respect to(I). Then there
is a hyper-duality from the subconstituent algebra of B with respect to p to the subconstituent algebra of Q˜ with respect to p˜.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We study the inheritance of hyper-duality by block and quotient Bose–Mesner algebras associated with imprimitive
hyper-dual pairs of Bose–Mesner algebras. LetM denote a Bose–Mesner algebra. ThenM is imprimitive with respect
to some subset I of its Hadamard idempotents whenever I spans a proper nonzero subalgebra ofM, andM is dual
imprimitive with respect to some subsetD of its primitive idempotents wheneverD spans a proper nonzero subalgebra
with respect to entry-wise multiplication ofM. IfM is imprimitive with respect to I, then restricting the Hadamard
idempotents inI to any one of certain subsets (blocks) of the underlying point set yields the Hadamard idempotents of
a block Bose–Mesner algebraB. IfM is dual imprimitive with respect toD, then restricting the primitive idempotents
in D to certain subsets of the underlying point set (class representatives for a particular equivalence relation) and
renormalizing yields the primitive idempotents of a quotient Bose–Mesner algebra Q.
In the presence of a formal duality, the dual nature of these constructions yields the following. SupposeM and M˜
are Bose–Mesner algebras, and suppose  :M→ M˜ is a formal duality. IfM is imprimitive with respect toI, then
M˜ is dual imprimitive with respect to (I). Moreover, each block Bose–Mesner algebra B ofM with respect to I
is formally dual to the quotient Bose–Mesner algebra Q˜ of M˜ with respect to (I).
In this paperwe extend the above fact to hyper-duality for Bose–Mesner algebras [6,10]. Hyper-duality is an extension
of formal duality of Bose–Mesner algebras to their subconstituent (Terwilliger) algebras with respect to some base
points. Hyper-duality implies formal duality; indeed, associated with each hyper-duality is a unique formal duality
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for the underlying Bose–Mesner algebras. Our main result is the following. Suppose there is a hyper-duality  from
the subconstituent algebra ofM with respect to p to the subconstituent algebra of M˜ with respect to p˜. Also suppose
thatM is imprimitive with respect to I, so M˜ is dual imprimitive with respect to (I), where  : M → M˜ is the
formal duality associated with . Let B denote the block Bose–Mesner algebra ofM on the block containing p, and
let Q˜ denote the quotient Bose–Mesner algebra of M˜ with respect to (I). Then there is a hyper-duality from the
subconstituent algebra of B with respect to p to the subconstituent algebra of Q˜ with respect to p˜.
This paper is organized as follows. In Section 2 we recall Bose–Mesner and subconstituent algebras. In Sections
3–5 we recall imprimitivity and the constructions of block and quotient Bose–Mesner algebras from an imprimitive
Bose–Mesner algebra. In Section 6, we recall formal and hyper-duality for pairs of Bose–Mesner algebras. Most of the
material in Sections 2–6 is generally well known. In Section 7 we prove our main results. In Section 8 we specialize the
main results to the case of self-duality. Finally, in Section 9 we apply our results to the folded Hamming cubes and the
halved Hamming cubes. The reader may ﬁnd it illustrative to work out the details of this example while going through
the paper, although it assumes some knowledge of P- and Q-polynomial association schemes.
2. Bose–Mesner and subconstituent algebras
In this section we review Bose–Mesner and subconstituent algebras. The reader is referred to [2,3] for more details
concerning Bose–Mesner algebras.
For any ﬁnite, nonempty set X, write MX to denote the complex algebra of matrices with complex entries whose
rows and columns are indexed by X. For A ∈ MX and for x, y ∈ X, let A(x, y) denote the (x, y)-entry of A. For A,
B ∈MX, let A ◦ B denote the Hadamard (entry-wise, Schur) product of A and B: (A ◦ B)(x, y) = A(x, y)B(x, y) for
all x, y ∈ X. Denote the ordinary matrix product of A and B by juxtaposition: AB. For A ∈ MX, let tA and A denote
the transpose and the complex conjugate, respectively.
A Bose–Mesner algebra on X is a commutative subalgebra M of MX which is closed under Hadamard product,
which is closed under transposition, and which contains the identity matrix I and the all-ones matrix J. LetM denote
a (d + 1)-dimensional Bose–Mesner algebra on X. ThenM has a unique basis {Ai}di=0 such that
A0 = I, Ai ◦ Aj = ijAi (0 i, jd),
d∑
i=0
Ai = J , (1)
where ij denotes the Kronecker symbol.We call {Ai}di=0 the basis of Hadamard idempotents ofM. Observe that each
Ai has entries in {0, 1} since Ai ◦ Ai = Ai . In addition,M has a unique basis {Ei}di=0 such that
E0 = |X|−1J, EiEj = ijEi (0 i, jd),
d∑
i=0
Ei = I . (2)
We call {Ei}di=0 the basis of primitive idempotents ofM. It is known that tEi = Ei (0 id). Throughout this paper
we shall assume that the Hadamard and primitive idempotents of any given Bose–Mesner algebra are ordered.
LetM denote a (d + 1)-dimensional Bose–Mesner algebra on X. Let {Ai}di=0 and {Ei}di=0 denote orderings of the
Hadamard and primitive idempotents ofM. Then for 0h, i, jd, the intersection numbersphij , theKrein parameters
qhij , the eigenvalues P(j, i), and the dual eigenvalues Q(j, i) ofM are deﬁned, respectively, by
AiAj =
d∑
h=0
phijAh, Ei ◦ Ej = |X|−1
d∑
h=0
qhijEh (0 i, jd), (3)
Ai =
d∑
j=0
P(j, i)Ej , Ei = |X|−1
d∑
j=0
Q(j, i)Aj (0 id). (4)
The intersection numbers are nonnegative integers, and the Krein parameters are nonnegative real numbers. The
(d + 1) × (d + 1) matrices P and Q with (j, i)-entries P(j, i) and Q(j, i) are called the eigenmatrix and dual
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eigenmatrix ofM, respectively. The valency of Ai is the number ki := P(0, i). It is well known that ki is equal to the
number of ones in each row of Ai . The multiplicity of Ei is the number mi := Q(0, i). It is well known that mi is equal
to the rank and trace of Ei .
Each of these four sets of parameters (intersection numbers, Krein parameters, eigenvalues, and dual eigenvalues)
determines the other three [2]. These parameters carry all of the algebraic structure of a Bose–Mesner algebra. That is
to say, any two Bose–Mesner algebras with the same parameters are isomorphic as Bose–Mesner algebras. It is well
known that the Hadamard idempotents of a Bose–Mesner algebra encode the combinatorial structure of an association
scheme. There are many nonisomorphic association schemes that have isomorphic Bose–Mesner algebras.
We recall some formulas [2,3] concerning the intersection numbers and Krein parameters which we shall need later.
First, note that transposition deﬁnes involutions on the Hadamard and primitive idempotents: Let it and it be such that
Ait =tAi and Eit =tEi . With this notation,
khp
h
ij = kjpjit h = kipihj t , mhqhij = mjqjit h = miqihj t (0h, i, jd), (5)
ki = p0it i , mi = q0it i (0 id), (6)
d∑
i=0
phij = kj ,
d∑
i=0
qhij = mj (0h, jd). (7)
We now recall the subconstituent algebra of a Bose–Mesner algebra. See [24] for further details. LetM be a (d + 1)-
dimensional Bose–Mesner algebra on X. Fix a “base point” p ∈ X. For A ∈ M, let (A) ∈ MX denote the diagonal
matrix with (x, x)-entry (A)(x, x) = A(p, x). LetM∗ = {(A) |A ∈M}. ThenM∗ is called the dual Bose–Mesner
algebra ofM (with respect to p). The map  : M → M∗ is a linear bijection. Set E∗i = (Ai) and A∗i = (|X|Ei)
(0 id). Since  is a linear bijection, {E∗i }di=0 and {A∗i }di=0 are bases of M∗. We refer to {E∗i }di=0 and {A∗i }di=0
as the basis of dual idempotents and the basis of dual Hadamard idempotents of M∗, respectively. The dual and
dual Hadamard idempotents inherit the orderings of the Hadamard and primitive idempotents ofM, respectively. The
subalgebraT=T(p) ofMX generated byM ∪M∗ is called the subconstituent (or Terwilliger) algebra ofM (with
respect to p). The use of ∗ in connection with subconstituent algebras is not related to the operation of taking the
conjugate-transpose of a matrix.
3. Imprimitive Bose–Mesner algebras
In this section we review some material concerning imprimitive Bose–Mesner algebras. The reader is referred to
[2,3] for summaries of imprimitivity. We note the following concerning our treatment of imprimitivity. To describe the
associated subconstituent algebras, we need to carefully track a base point as we pass from an imprimitive Bose–Mesner
algebra to the appropriate block Bose–Mesner algebra and the quotient Bose–Mesner algebra. Thus we avoid the com-
mon practices of reordering the point set and canonical bases [2] and of expressing certain elements of the imprimitive
Bose–Mesner algebra as a Kronecker product of two matrices [2,3]. As a bridge from Bose–Mesner to subconstituent
algebras, we formulate some of these results as statements concerning elements of the Bose–Mesner algebra whereas
most references only state the equivalent results concerning intersection numbers and Krein parameters [3,21]. Finally,
we note that our treatment of imprimitivity is by no means comprehensive. For example, the references [2–4,17,21,25]
treat various aspects of imprimitivity which we do not discuss here.
We present brief proofs of some facts concerning imprimitivity. In doing so, we favor proofs which can be “dualized”
in the sense which Bannai and Ito [2] have dubbed “Kawada–Delsarte duality” [11]. Given a statement concerning
Bose–Mesner algebras, its Kawada–Delsarte dual is formed by swapping each instance of ordinary and Hadamard
multiplication, of I and J (taking care to distinguish them from A0 and |X|E0), of Ai and Ei , of phij and qhij /|X|, and of
P(j, i) and Q(i, j)/|X|. Kawada–Delsarte duality formalizes the fact that the Kawada–Delsarte dual of any “purely
algebraic” property of all Bose–Mesner algebras is also a property of all Bose–Mesner algebras (this is not true of
certain “combinatorial” properties or necessarily of all properties of any particular example). A number of properties
and their Kawada–Delsarte duals are stated in the previous section, and these are all that will be needed to “dualize”
the proofs below.
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Lemma 3.1. LetM denote a (d + 1)-dimensional Bose–Mesner algebra on X. LetI denote a subset of {0, 1, . . . , d}.
Then the following are equivalent:
(i) The subset {Ai}i∈I of the Hadamard idempotents ofM spans a matrix subalgebra with respect to the ordinary
matrix product.
(ii) AiAj =∑h∈I phijAh for all i, j ∈ I.
(iii) pkij = 0 when i, j ∈ I and k /∈I.
M is said to be imprimitive with respect toI whenever (i)–(iii) hold andI is neither {0} nor {0, 1, . . . , d}. Moreover,
if (i)–(iii) hold, then the following hold.
(a) tAj ∈ {Ah}h∈I for all j ∈ I (i.e. j ∈ I implies j t ∈ I).
(b) I = A0 ∈ {Ah}h∈I (i.e. 0 ∈ I).
(c) There exists a unique subset D of {0, 1, . . . , d} such that∑
i∈I
Ai = kI
∑
i∈D
Ei ,
where kI =
∑
i∈I ki .
Proof. The equivalence of (i)–(iii) is clear from (3).
(a) Let1,2, . . . , r denote thedistinct entries in column iof the eigenmatrixPofM.ThenAi=∑r=1 ∑{j |Pji=} Ej
by (4), and tAi=tA¯i =∑r=1¯∑{j |Pji=} Ej . The Ej are idempotents, so Aki =∑r=1 k∑{j |Pji=} Ej . The
 are distinct, so each sum
∑
{j |Pji=}Ej lies in the span of Ai , A
2
i , A
3
i , . . . , A
r
i since the coefﬁcient matrix is
essentially Vandermonde. The result follows from (i).
(b) Observe that p0
it i
= ki > 0 by (6), so 0 ∈ I by (iii) and (a).
(c) Set S = k−1I
∑
i∈IAi . By (3) and (ii), S2 = k−2I
∑
i,j∈I
∑d
h=0phijAh = k−2I
∑
h,i,j∈IphijAh. Note that p
h
ij = 0 if and
only ifpj
it h
=0 by (5). Thus by (a), (7), and (iii), S2=k−2I
∑
i,h∈I
∑d
j=0 phijAh=k−2I
∑
i∈I ki
∑
h∈IAh=S. Since
S is an idempotent, it must be a sum of primitive idempotents, S =∑i∈DEi for some subset D of {0, 1, . . . , d},
as required. 
Lemma 3.2. LetM denote a (d + 1)-dimensional Bose–Mesner algebra on X. LetD denote a subset of {0, 1, . . . , d}.
Then the following are equivalent:
(i) The subset {Ei}i∈D of the primitive idempotents ofM spans a matrix subalgebra with respect to the Hadamard
product.
(ii) Ei ◦ Ej = |X|−1∑h∈D qhijEh for all i, j ∈ D.
(iii) qkij = 0 when i, j ∈ D and k /∈D.
M is said to be dual imprimitive with respect to D whenever (i)–(iii) hold and D is neither {0} nor {0, 1, . . . , d}.
Moreover, if (i)–(iii) hold, then the following hold.
(a) tEj ∈ {Eh}h∈D for all j ∈ D (i.e. j ∈ D implies jt ∈ D).
(b) |X|−1J = E0 ∈ {Eh}h∈D (i.e. 0 ∈ D).
(c) There exists a unique subset I of {0, 1, . . . , d} such that
|X|
∑
i∈D
Ei = mD
∑
i∈I
Ai ,
where mD =
∑
i∈Dmi .
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Proof. Use the proof of Lemma 3.1 with the Kawada–Delsarte dual of each statement. 
Lemma 3.3. LetM denote a (d + 1)-dimensional Bose–Mesner algebra on X.
(i) IfM is imprimitive with respect to I, thenM is dual imprimitive with respect to the set D of Lemma 3.1(c).
(ii) IfM is dual imprimitive with respect to D, thenM is imprimitive with respect to the set I of Lemma 3.2(c).
As imprimitivity and dual imprimitivity coincide, we say in the above cases that M is imprimitive with respect to
(I, D).
Proof. (i) Note that∑h∈IAh = kI∑i∈DEi is an idempotent for Hadamard multiplication, so
kI
∑
i∈D
Ei =
(
kI
∑
i∈D
Ei
)◦2
= k2I
∑
i,j∈D
Ei ◦ Ej = k2I
d∑
h=0
⎛⎝|X|−1 ∑
i,j∈D
qhij
⎞⎠Eh.
Since the primitive idempotents are linearly independent,
∑
i,j∈D qhij = 0 for h /∈D. But the Krein parameters are
nonnegative real numbers, so qhij = 0 when i, j ∈ D and h /∈D. ThusM is dual imprimitive with respect to D.
(ii) Use the proof of (i) with the Kawada–Delsarte dual of each statement. 
Lemma 3.4. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Then kImD = |X|.
Proof. Combine Lemmas 3.1(c) and 3.2(c). 
In the next two sections we recall the constructions of block and quotient Bose–Mesner algebras from imprimitive
Bose–Mesner algebras. We shall use some nonstandard notation, namely   and 	 
 for the respective objects
associated with a block and a quotient Bose–Mesner algebra. As a mnemonic, we suggest the similarity in shape
between the letter “b” for block and the left side of   and the similarity in shape between the letter “q” for quotient
and the right side of 	 
 .We also ﬁnd   and 	 
 suggestive of the dual nature of block and quotient Bose–Mesner
algebras which we are stressing in this paper.
4. Block Bose–Mesner algebras
Given an imprimitive Bose–Mesner algebra, one may construct related block Bose–Mesner algebras. To describe
them we deﬁne equivalence relations on X and on {0, 1, . . . , d}.
Lemma 4.1. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Then the following are equivalence relations.
(i) The relation ∼ on X deﬁned by x ∼ y if and only if (∑i∈IAi)(x, y)= 1. Let X denote the set of ∼ equivalence
classes, and write x to denote the ∼ equivalence class of x ∈ X.
(ii) The relation  on {0, 1, . . . , d} deﬁned by i  j if and only if qjih = 0 for some h ∈ D. Let D denote the set of equivalence classes, and write  i to denote the  equivalence class of i ∈ {0, 1, . . . , d}.
Proof. (i) Observe that ∼ is reﬂexive by Lemma 3.1(b) and symmetric by Lemma 3.1(a). Suppose x ∼ y, y ∼ z. Then
there exist i, j ∈ I such that Ai(x, y) = 1, Aj(y, z) = 1. Hence the (x, z)-entry of AiAj is nonzero. Since {Ak}k∈I
spans a matrix algebra, there exists k ∈ I such that Ak(x, z) = 1. Thus x ∼ z, so ∼ is transitive.
(ii) Observe that qii0 = 0 by (5) since q0it i = mi > 0 by (6). Now  is reﬂexive since 0 ∈ D by Lemma 3.1(a). Note
that  is symmetric by Lemma 3.1(a) since if qjih = 0 for some h ∈ D, then qijht = 0 by (5). Finally if i  j and
j  k, then there are h, h′ ∈ D such that qjih = 0 and qkjh′ = 0. This implies that Ej(Ei ◦ Eh) = |X|−1q
j
ihEj = 0 and
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Ek(Ej ◦ Eh′) = |X|−1qkjh′Ek = 0.Now Ek(Ei ◦ Eh ◦ Eh′) = |X|−1
∑d
=0 qihEk(E ◦ Eh′) = 0 since the summand
|X|−1qjihEk(Ej ◦ Eh′) = 0. Since 0 = Ek(Ei ◦ Eh ◦ Eh′) = |X|−1
∑
∈D qhh′Ek(Ei ◦ E), there is some  ∈ D such
that Ek(Ei ◦ E) = |X|−1qkiEk = 0. Thus i  k. 
Lemma 4.2. With reference to Lemma 4.1(i), |X | = mD and |x | = kI for all x ∈ X .
Proof. Every row of
∑
i∈IAi contains
∑
i∈I ki = kI many ones, so |x | = kI. Now there are a total of |X| many
points split evenly among blocks of size kI, so there are |X | = |X|/kI = mD many blocks by Lemma 3.4. 
Lemma 4.3. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Fix any ∼ equivalence class x of X. Then there is a Bose–Mesner algebra M on x with Hadamard
idempotents {Ai }i∈I and primitive idempotents {Ei := E i}i∈D deﬁned as follows. (In particular,
|I| = |D |).
(i) For each i ∈ I, the Hadamard idempotent Ai ∈Mx has entries Ai (x′, y′) = Ai(x′, y′) (x′, y′ ∈ x ).
(ii) For each  i ∈ D , the primitive idempotent Ei ∈Mx has entries Ei (x′, y′)=∑i′∈i Ei′(x′, y′)(x′, y′ ∈x ).
M is called the x -block Bose–Mesner algebra ofM with respect to (I,D). Moreover, the following hold.
(a) The intersection numbers of M are phij  = phij (h, i, j ∈ I).
(b) The Krein parameters of M are
qhij  := q hij = m−1D
∑
i′∈i,j ′∈j
qh
′
i′j ′ (h ,  i , j ∈ D )
for any h′ ∈ h .
Proof. Observe that Ai ◦ Aj  = ij Ai (i, j ∈ I) by (1) and construction. By Lemma 3.1, AiAj  =∑
h∈Iphij Ah (i, j ∈ I). Lemma 3.1 also implies that {Ai }i∈I contains the identity and is closed under transposi-
tion. Finally, by the deﬁnition of ∼, the Ai (i ∈ I) sum to the all-ones matrix ofMx. Thus the span of {Ai }i∈I
is a Bose–Mesner algebra M and {Ai }i∈I is its set of Hadamard idempotents.
Now the Bose–Mesner algebra M has a set of |I|-many primitive idempotents, say {Fi }|I|−1i=0 . To show that
{Fi }|I|−1i=0 = {Ei }i∈D, we show that each Ei ( i ∈ D ) is a sum of some distinct Fi and vice versa.
Observe that by Lemma 3.1(c) and (3),
∑
i′∈i
Ei′ ◦
∑
j∈I
Aj = kI
∑
i′∈i
Ei′ ◦
∑
j∈D
Ej = kI|X|
∑
i′∈i
∑
j∈D
d∑
h=0
qhi′jEh.
But kI/|X| = m−1D by Lemma 4.2 and the only nonzero qhi′j are those with h ∈  i by Lemma 4.1(ii) since each
i′ ∈  i and j ∈ D. Thus (∑i′∈i Ei′) ◦ (∑j∈IAj) = m−1D ∑h∈i (∑j∈D∑i′∈i qhi′j )Eh. Now since h ∈  i ,
Lemma 4.1(ii) and (7) give ∑i′∈i qhi′j =∑di′=0 qhi′j = mj . Thus ∑j∈D∑i′∈i qhi′j = mD. Hence ∑i′∈iEi′ ◦∑
j∈IAj =
∑
i′∈i Ei′ . Thus
∑
i′∈iEi′ ∈ span{Aj }j∈I, so Ei ∈ M by restricting to x . Observe thatEiEj  = ijEi as (∑i′∈i Ei′)(∑j ′∈j Ej ′) = ij∑i′∈i Ei′ . Hence each Ei ( i ∈ D )
is the sum of some distinct primitive idempotents of M .
We now show that each primitive idempotent is the sum of some of the Ei . Since the nonzero entries of the Ai
(i ∈ I) are all indexed by elements of x , each Fi has (u, v)-entry Fi (u, v) =∑i′∈[i] Ei′(u, v) (u, v ∈ x )
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for some subset [i] of {0, 1, . . . , d}. Compute as above
∑
i′∈[i]
Ei′ ◦
∑
j∈I
Aj = kI
∑
i′∈[i]
Ei′ ◦
∑
j∈D
Ej = kI|X|−1
∑
i′∈[i]
∑
j∈D
d∑
h=0
qhi′jEh
= m−1D
∑
i′∈[i]
∑
j∈D
∑
h∈i′
qhi′jEh.
Restricting the left side of this equation to vertices indexed by x gives Fi ◦ J  = Fi , so the right side must
also restrict to give Fi . Thus, in light of (5) and the deﬁnition of , the set [i] must be a union of some of the classes
in D . That is to say, each primitive idempotent is the sum of some of the Ei , as required.
Observe that by Lemma 3.3, E0 = k−1I J  , where J  denotes the all-ones matrix of Mx. Furthermore,
I =∑dh=0 Eh =∑h∈D∑h′∈h Eh′ , so restricting to points in x gives∑h∈D Eh = I , the identity
ofMx. Now the Krein parameters of M are computed from the equation Ei ◦ Ej  = k−1I
∑qhij Eh by
ﬁrst computing the product
∑
i′∈i Ei′ ◦
∑
j ′∈j Ej ′ using (3) and then restricting to x . 
The terminology “x -block Bose–Mesner algebra ofM” is nonstandard. The literature generally uses “association
subscheme” to refer to the association scheme related to a block Bose–Mesner algebra, but has no succinct means of
referring to the Bose–Mesner algebra of a particular association subscheme. This distinction is generally not necessary
as all block Bose–Mesner algebras with respect to a ﬁxed setI of an imprimitive Bose–Mesner algebra are isomorphic
as Bose–Mesner algebras, even though the related association schemes need not be isomorphic.We need this distinction
as there is no reason to expect that the associated subconstituent algebras are isomorphic.
Lemma 4.4. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Fix p ∈ X, and let M denote the p -block Bose–Mesner algebraM with respect to (I, D). Let M∗
denote the dual Bose–Mesner algebra of M with respect to p.
(i) For each i ∈ I, the dual idempotent E∗i  = (Ai ) ∈ Mp of M∗ has entries E∗i  (x, x) = E∗i (x, x)
(x ∈ p ).
(ii) For each  i ∈ D , the dual Hadamard idempotent A∗i  = (kIEi ) ∈ Mp of M∗ has entries
A∗i  (x, x) = m−1D
∑
i′∈i A∗i′(x, x) (x ∈ p ).
Proof. Straightforward from construction and Lemma 4.3. 
5. Quotient Bose–Mesner algebras
A quotient Bose–Mesner algebra can be constructed from an imprimitive Bose–Mesner algebra in a manner dual to
that of the block Bose–Mesner algebras.
Lemma 5.1. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Then the following are equivalence relations.
(i) The relation ≈ on X deﬁned by x ≈ y if and only if Ei(w, x) = Ei(w, y) for all i ∈ D and all w ∈ X. Let 	X

denote the set of ≈ equivalence classes, and write 	x
 to denote the ≈ equivalence class of x ∈ X.
(ii) The relation on {0, 1, . . . , d} deﬁned by ij if and only if pjih = 0 for some h ∈ I. Let 	I
 denote the set of
 equivalence classes, and write 	 i
 to denote the equivalence class of i ∈ {0, 1, . . . , d}.
Proof. (i) The relation ≈ is clearly reﬂexive, symmetric, and transitive. (ii) Use the proof of Lemma 4.1(ii) with the
Kawada–Delsarte dual of each statement. 
Lemma 5.2. With reference to Lemma 5.1, the equivalence relations ∼ of Lemma 4.1(i) and ≈ of Lemma 5.1(i) on X
coincide.
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Proof. Observe that (
∑
i∈IAi)(z,w) = 1 if z ∼ w and 0 otherwise. Thus by Lemma 3.3, (
∑
i∈DEi)(z,w) = k−1I
if z ∼ w and 0 otherwise. Suppose x ∼ y. Then columns x and y of∑i∈DEi are the same. Let V denote the set of
complex column vectors whose entries are indexed by X, and for all z ∈ X, let zˆ ∈ V denote the vector with all entries
0 except for that indexed by z which is one. Then
∑
i∈D (Eixˆ) = (
∑
i∈DEi)xˆ = (
∑
i∈DEi)yˆ =
∑
i∈D (Eiyˆ). Since
the Ei are projections onto orthogonal subspaces, it follows that Eixˆ = Eiyˆ for all i ∈ D. Hence x ≈ y. Now suppose
x ≈ y. Then Eixˆ = Eiyˆ for all i ∈ D, so (∑i∈DEi)xˆ = (∑i∈DEi)yˆ. It follows that columns x and y of∑i∈IAi are
the same, so x ∼ y. 
Lemma 5.3. With reference to Lemma 5.1(i), |	X
 | = mD and |	x
 | = kI for all 	x
 ∈ 	X
 .
Proof. Immediate from Lemmas 4.2 and 5.2. 
Lemma 5.4. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Then there is a Bose–Mesner algebra 	M
 on 	X
 with Hadamard idempotents {	Ai
 := 	A
 		i

}		i

∈		I


and primitive idempotents {	Ei
 }i∈D deﬁned as follows. (In particular |D| = |	I
 |).
(i) For each i ∈ D, the primitive idempotent 	Ei
 ∈M		X

has entries 	Ei
 (	x
 , 	y
 )=kIEi(x′, y′) (	x
 , 	y
 ∈
	X
 ) for any x′ ∈ 	x
 , y′ ∈ 	y
 .
(ii) For each 	 i
 ∈ 	I
 , theHadamard idempotent 	Ai
 ∈M		X

 has entries 	Ai
 (	x
 , 	y
 )=∑i′∈		i

 Ai′(x′, y′)
(	x
 , 	y
 ∈ 	X
 ) for any x′ ∈ 	x
 , y′ ∈ 	y
 .
	M
 is called the quotient Bose–Mesner algebra ofM with respect to (I,D). Moreover, the following hold.
(a) The Krein parameters of 	M
 are 	qhij 
 = qhij (h, i, j ∈ D).
(b) The intersection numbers of 	M
 are
	phij 
 := 	p
 		h

		i

		j

 = k−1I
∑
i′∈		i

,j ′∈		j

p
h′
i′j ′ (	h
 , 	 i
 , 	j
 ∈ 	I
 )
for any h′ ∈ 	h
 .
Proof. Use the proof of Lemma 4.3 with the Kawada–Delsarte dual of each statement. 
Lemma 5.5. SupposeM is a (d + 1)-dimensional Bose–Mesner algebra on X which is imprimitive with respect to
(I, D). Let 	M
 denote the quotient Bose–Mesner algebra ofM with respect to (I,D). Let 	M∗
 denote the dual
Bose–Mesner algebra of 	M
 with respect to 	p
 .
(i) For each i ∈ D, the dualHadamard idempotent 	A∗i 
=(mD	Ei
 ) ∈M		X

 of 	M∗
 has entries 	A∗i 
 (	x
 , 	x
 )=
A∗i (x, x) (	x
 ∈ 	X
 ).
(ii) For each 	 i
 ∈ 	I
 , the dual idempotent 	E∗i 
 = (	Ai
 ) ∈M		X

 of 	M∗
 has entries 	E∗i 
 (	x
 , 	x
 ) =∑
i′∈		i

 E∗i′(x
′, x′)(	x
 ∈ 	X
 ) for any x′ ∈ 	x
 .
Proof. Clear from construction and Lemma 5.4. 
Although we have described generators of the subconstituent algebras of block and quotient Bose–Mesner algebras
associatedwith an imprimitiveBose–Mesner algebra (Lemmas 4.3, 4.4, 5.4, and 5.5),we have not described the structure
of these subconstituent algebras. Since subconstituent algebras are semisimple, this is generally done by describing the
isomorphism classes of the irreducible modules and the multiplicity with which they appear in the standard module.
In a few cases the subconstituent algebras of block and quotient Bose–Mesner algebras have been related to that of the
imprimitive Bose–Mesner algebra [5].
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6. Duality of Bose–Mesner algebras
We recall some descriptions of formal and hyper-duality of Bose–Mesner algebras. See [2,3,20] for summaries of
formal duality and [6,10] for more on hyper-duality. We work in the following setting.
Notation 6.1. Let X and X˜ denote ﬁnite nonempty sets of the same size |X| = |X˜| = n. LetM and M˜ denote (d + 1)-
dimensional Bose–Mesner algebras on X and X˜, respectively. Fix p ∈ X and p˜ ∈ X˜, and let T and T˜ denote the
subconstituent algebras ofM and M˜ with respect to p and p˜, respectively.Write ˜ with all objects associated with T˜,
but otherwise use the same notation introduced for Bose–Mesner and their subconstituent algebras. Write  and ˜ to
denote the transposition maps onMX andMX˜, respectively. WriteMX,X˜ to denote the set of complex matrices with
rows indexed by X and columns indexed by X˜.
Lemma 6.2 (Bannai and Ito [2], Brouwer et al. [3], Neumaier [20]). With Notation 6.1, let  : M → M˜ denote a
linear bijection. Then the following are equivalent:
(i) For all A, B ∈M,
(AB) =(A) ◦(B), (A ◦ B) = n−1(A)(B). (8)
(ii) There exist orderings of the Hadamard and primitive idempotents ofM and M˜ such that
(Ei) = A˜i , (Ai) = ntE˜i (0 id). (9)
Suppose (i) and (ii) hold. Then the map  is called a formal duality from M to M˜. M and M˜ are said to be
formally dualwhenever there exists a formal duality from one to the other. Orderings of theHadamard and primitive
idempotents which satisfy (9) are said to be standard for .
Lemma 6.3 (Bannai and Ito [2], Brouwer et al. [3], Neumaier [20]). With Notation 6.1, the following are equivalent:
(i) M and M˜ are formally dual and their Hadamard and primitive idempotents are in standard orders for some
formal duality fromM to M˜.
(ii) phij = q˜hij and qhij = p˜hij (0h, i, jd).
Theorem 6.4 (Curtin [6]). With Notation 6.1, suppose  : T → T˜ is an algebra isomorphism. Then the following
are equivalent:
(i) (M) = M˜∗, (M∗) = M˜, := n|M is a formal duality fromM to M˜, ˜ := n−1˜|M˜ is a formal duality
from M˜ toM, ˜= n˜|M˜, and ˜= n|M.
(ii) There exist orderings of the Hadamard and primitive idempotents ofM and M˜ such that for all i (0 id)
(tAi) = A˜∗i , (A∗i ) = A˜i , (Ei) = E˜∗i , (E∗i )=tE˜i . (10)
Suppose (i) and (ii) hold. Then the map  is called a hyper-duality fromT to T˜.T and T˜ are said to be hyper-dual
to one another whenever there exists a hyper-duality from one to the other. Orderings of the Hadamard and primitive
idempotents which satisfy (10) are said to be standard for . Standard orderings for  are standard for the formal
dualities  and ˜ of (i).
In the presence of formal duality, it is not necessary to check all four conditions in Eq. (10).
Lemma 6.5 (Curtin [6]). With Notation 6.1, assume thatM and M˜ are formally dual to one another and that the
Hadamard and primitive idempotents are in standard orders for some formal duality ofM and M˜.
(i) Suppose  :M∗ → M˜ is a linear map. Then (E∗i )=tE˜i (0 id) if and only if (A∗i ) = A˜i (0 id).
(ii) Suppose  :M→ M˜∗ is a linear map. Then (tAi) = A˜∗i (0 id) if and only if (Ei) = E˜∗i (0 id).
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Deﬁnition 6.6. With Notation 6.1, suppose that  : T → T˜ is a hyper-duality. We say that an invertible matrix
H ∈ MX,X˜ represents the hyper-duality  whenever (A) = H−1AH for all A ∈ T. In this case we say that  is
representable, and thatT and T˜ are representably hyper-dual to one another.
7. Duality and imprimitive Bose–Mesner algebras
We describe the inheritance of formal and hyper-duality by block and quotient Bose–Mesner algebras from an
imprimitive Bose–Mesner algebra. We consider a Bose–Mesner algebra M which is imprimitive with respect to
(I,D) and block and quotient Bose–Mesner algebras M and 	M
 ofM with respect to (I,D). We also consider
the formal dual M˜ ofM which turns out to be imprimitive with respect to (D,I), so there are block and quotient
Bose–Mesner algebras ˜M˜˜ and 	˜M˜
˜ of M˜ with respect to (D,I). The notation aside, the inheritance of formal
duality is straightforward and well known (cf. [3]).
Theorem 7.1. With Notation 6.1, assume that :M→ M˜ is a formal duality. SupposeM is imprimitive with respect
to (I,D). Then the following hold.
(i) M˜ is imprimitive with respect to (D,I).
(ii) Let M denote any block Bose–Mesner algebra ofM with respect to (I,D), and let 	˜M˜
˜ denote the quotient
Bose–Mesner algebra of M˜ with respect to (D,I). Then the linear map 
˜ : M → 	˜M˜
˜ satisfying

˜ (Ai ) = nt˜	 E˜i 
˜ (i ∈ I) is a formal duality, where {Ai}i∈I and {E˜i}i∈I are in standard orders for .
(iii) Let 	M
 denote the quotient Bose–Mesner algebra of M with respect to (I,D), and let ˜M˜˜ denote any
block Bose–Mesner algebra of M˜ with respect to (D,I). Then the linear map 	˜ : 	M
 → ˜M˜˜ satisfying
	˜ (	Ei
 ) = ˜ A˜i ˜ (i ∈ D) is a formal duality, where {Ei}i∈D and {A˜i}i∈D are in standard orders for .
Proof. Assume that the Hadamard and primitive idempotents are in standard orders for. Then phij = q˜hij and qhij = p˜hij
by Lemma 6.3. In particular, phij = 0 if and only if q˜hij = 0. Thus M˜ is imprimitive with respect to (D,I). Moreover,
phij  = 	˜ q˜hij 
˜ and qhij  = 	˜ p˜hij 
˜ by Lemmas 4.3 and 5.4. Thus (ii) and (iii) hold by Lemma 6.3. 
The formally dual Bose–Mesner algebras M and 	˜M˜
˜ have respective point sets x and 	˜ X˜
˜ , both of size
kI= m˜I. Similarly, the formally dual Bose–Mesner algebras 	M
 and ˜M˜˜have respective point sets 	X
 and ˜ x˜˜ ,
both of size mD = k˜D.
Theorem 7.2. With Notation 6.1, suppose that  :T→ T˜ is a hyper-duality. Further suppose thatM is imprimitive
with respect to (I,D) (so M˜ is imprimitive with respect to (D,I)).
(i) Let T denote the subconstituent algebra with respect to p of the p -block Bose–Mesner algebra M
of M with respect to (I,D). Let 	˜T˜
˜ denote the subconstituent algebra with respect to 	˜ p˜
˜of the quotient
Bose–Mesner algebra 	˜M˜
˜ of M˜ with respect to (D,I). Then there is a hyper-duality 
˜ : T → 	˜T˜
˜
satisfying 
˜ (tAi ) = 	˜ A˜∗i 
˜ ,
˜ (E∗i  )=t˜	 E˜i 
˜ (i ∈ I), where {Ai}i∈I and {E˜i}i∈I are in standard ordersfor .
(ii) Let 	T
 denote the subconstituent algebra with respect to 	p
 of the quotient Bose–Mesner algebra 	M

of M with respect to (I,D). Let ˜T˜˜ denote the subconstituent algebra with respect to p˜ of the ˜ p˜˜ -block
Bose–Mesner algebra ˜M˜˜ of M˜ with respect to (D,I). Then there is a hyper-duality 	˜ : 	T
 → ˜T˜˜
satisfying 	˜ (	Ei
 )= ˜ E˜∗i ˜ , 	˜ (	A∗i 
 )= ˜ A˜i ˜ (i ∈ D), where {Ei}i∈D and {A˜i}i∈D are in standard ordersfor .
Proof. (i) Assume that the Hadamard and primitive idempotents ofM and M˜ are in standard orders for the hyper-
duality . LetTI denote the subalgebra ofT generated by {Ai}i∈I ∪ {E∗i }i∈I, and let T˜I denote the subalgebra
of T˜ generated by {E˜i}i∈I ∪ {A˜∗i }i∈I. The nonzero entries of all of the generators of TI are indexed by elements
of p by Lemmas 3.1, 4.3, and 4.4. Hence the map  : T → TIsatisfying (tAi )=tAi and (E∗i  ) = E∗i
(i ∈ I) is an isomorphism. Now (tAi) = A˜∗i and (E∗i )=tE˜i (i ∈ I), so  maps TI onto T˜I. Observe that by
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Lemmas 5.4 and 5.5, the map  : T˜I → 	˜T˜
˜which restricts the matrices to a principal minor whose rows and
columns are indexed by class representatives for 	 X˜
 and multiplies by k˜D is an algebra isomorphism from T˜I onto
	˜T˜
˜ satisfying (A˜∗i )=	˜ A˜∗i 
˜ and (tE˜i)=t˜	 E˜i 
˜ .Now set 
˜ =, composing right to left. Then 
˜ is an algebra
isomorphism from T onto 	˜T˜
˜ by construction.
By Theorems 6.4 and 7.1, M and 	˜M˜
˜ are formally dual and the orderings of the Hadamard and primitive
idempotents induced by 
˜ (tAi ) = 	˜ A˜∗i 
˜ and 
˜ (E∗i  )=t˜	 E˜i 
˜ (i ∈ I) are part of a standard ordering for
some formal duality. Thus Lemma 6.5 implies that 
˜ (Ei ) = 	˜ E˜∗i 
˜ and 
˜ (A∗i  ) = 	˜ A˜i 
˜ for some orderings
of {Ei }i∈D and {˜	 A˜i 
˜ }	˜	i
˜
∈	˜	D
˜
.
(ii) Similar to (i). First invert the restriction and multiplication by kI which gave 	T
 fromT. Then apply , and
ﬁnally restrict T˜ to ˜T˜˜ . 
Theorem 7.3. With reference to Theorem 7.2, suppose that the matrix H ∈ MX,X˜ represents the hyper-duality  :
T→ T˜.
(i) Let H 
˜ ∈Mp,˜	X˜
˜ have (x, 	˜ x˜
˜ )-entry
H 
˜ (x, 	˜ x˜
˜ ) =
∑
x˜′∈	˜	x˜
˜

H(x, x˜′) (x ∈ p , 	˜ x˜
˜ ∈ 	˜ X˜
˜ ).
Then H 
˜ represents the hyper-duality 
˜ of Theorem 7.2(i).
(ii) Let 	H ˜ ∈M		X

,˜p˜˜ have (	x
 , x˜)-entry
	H ˜ (	x
 , x˜) =
∑
x′∈		x


H(x′, x˜) (	x
 ∈ 	X
 , x˜ ∈ ˜ p˜˜ ).
Then 	H ˜ represents the hyper-duality 	˜ of Theorem 7.2(i).
Proof. (i) Assume that the Hadamard and primitive idempotents ofM and M˜ are in standard orders for . Fix i ∈ I,
x ∈ p , and 	˜ x˜
˜ ∈ 	˜ X˜
˜ . By Theorem 6.4, tAiH =HA˜∗i , so
∑
x˜′∈	˜	x˜
˜
 tAiH(x, x˜′)=
∑
x˜′∈	˜	x˜
˜
HA˜∗i (x, x˜′). Compute
both sides of this equation. On the left side, for all x˜′ ∈ 	˜ x˜
˜
tAiH(x, x˜
′) =
∑
w∈X
tAi(x,w)H(w, x˜
′) =
∑
w∈X
∑
w′∈w
tAi(x,w
′)H(w′, x˜′).
But tAi(x,w′)=0unlessx ∼ w′ (i.e. w=x=p ) since i ∈ I.Thus tAiH(x, x˜′)=∑w′∈p tAi(x,w′)H(w′, x˜′).
Now tAi(x,w′)=tAi (x,w′) by Lemma 4.3 as x, w′ ∈ p , and ∑x˜′∈	˜	x˜
˜
 H(w′, x˜′) = H 
˜ (w′, 	˜ x˜
˜ ). Thus∑
x˜′∈	˜	x˜
˜
 tAiH(x, x˜′)=tAiH 
˜ (x, 	˜ x˜
˜ ). On the right side, HA˜∗i (x, x˜′) = H(x, x˜′)A˜∗i (˜x′, x˜′) for all x˜′ ∈ 	˜ x˜
˜ .
Note that A˜∗i (˜x′, x˜′) = 	˜ A˜∗i 
˜ (˜	 x˜
˜ , 	˜ x˜
˜ ) by Lemma 5.5. Thus
∑
x˜′∈	˜	x˜
˜
HA˜∗i (x, x˜′) = H 
˜ 	˜ A˜∗i 
˜ (x, 	˜ x˜
˜ ). Hence
tAiH 
˜ = H 
˜ 	˜ A˜∗i 
˜ .
ByTheorem 6.4,E∗i H =H tE˜i , so
∑
x˜′∈	˜	x˜
˜
 E∗i H(x, x˜′)=
∑
x˜′∈	˜	x˜
˜
H tE˜i(x, x˜′). Compute both sides of this equation.
On the right side, for all x˜′ ∈ 	˜ x˜
˜
H tE˜i(x, x˜
′) =
∑
w˜∈X˜
H(x, w˜)tE˜i(w˜, x˜
′) =
∑
	˜	w˜
˜
∈	˜	X˜
˜

∑
w˜′∈	˜	w˜
˜

H(x, w˜′)tE˜i(w˜′, x˜′).
By Lemma 5.4, tE˜i(w˜′, x˜′) = k˜−1D t˜	 E˜i 
˜ (w˜′, 	˜ x˜
˜ ), independent of x˜′ and w˜′, so this term factors out of the sum over
w˜′ ∈ 	˜ w˜
˜ .Thus
H tE˜i(x, x˜
′) =
∑
	˜	w˜
˜
∈	˜	X˜
˜

k˜−1D H 
˜ (x, 	˜ w˜
˜ )t 	˜ E˜i 
˜ (˜	 w˜
˜ , 	˜ x˜
˜ )
= k˜−1D H 
˜ t 	˜ E˜i 
˜ (x, 	˜ x˜
˜ ).
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Note that this is independent of x˜′ ∈ 	˜ x˜
˜ , and that |˜	 x˜
˜ | = k˜D by Lemma 5.3. Thus
∑
x˜′∈	˜	x˜
˜
 H tE˜i(x, x˜′) =
k˜Dk˜
−1
D H 
˜
t˜	 E˜i 
˜ (x, 	˜ x˜
˜ )= H 
˜ t˜	 E˜i 
˜ (x, 	˜ x˜
˜ ).On the left side compute∑x˜′∈	˜	x˜
˜
 E∗i H(x, x˜′)=∑x˜′∈	˜	x˜
˜
 E∗i (x, x)
H(x, x˜′)=E∗i (x, x)
∑
x˜′∈	˜	x˜
˜
 H(x, x˜′)=E∗i  (x, x)H 
˜ (x, 	˜ x˜
˜ )=E∗i H 
˜ (x, 	˜ x˜
˜ ).Hence E∗i H 
˜=H 
˜ t˜	 E˜i 
˜ .
By Theorems 6.4 and 7.1, M and 	˜M˜
˜ are formally dual and the orderings of the Hadamard and primitive
idempotents induced by tAiH 
˜ = H 
˜ 	˜ A˜∗i 
˜ and E∗i H 
˜ = H 
˜ t˜	 E˜i 
˜ for all i ∈ I are part of a standard
ordering for some formal duality. Thus Lemma 6.5 implies that EiH 
˜ = H 
˜ 	˜ E˜∗i 
˜ and A∗i H 
˜ = H 
˜ 	˜ A˜i 
˜
for some orderings of {Ei }i∈D and {˜	 A˜i 
˜ }	˜	i
˜
∈	˜	D
˜
.
Note that H is invertible, and write LH to denote the (invertible) linear transformation deﬁned by left multiplication
by H from the column vector space with entries indexed by X˜ to the column vector space with entries indexed by X.
Since H tE˜i =E∗i H (i ∈ I), LH maps the span of the column spaces of all E˜i (i ∈ I) onto that of all E∗i (i ∈ I). The
column spaces of all E˜i (i ∈ I) are contained in the span of all column vectors with entries indexed by X˜ which are
constant on each class of 	˜ X˜
˜ by Lemma 5.1(i). Equality holds since each of these vector spaces has dimension m˜I.
The span of the column spaces of all E∗i (i ∈ I) are precisely those column vectors with entries indexed by X which
is zero in all entries not indexed by elements ofp .
Consider the invertible linear transformation 	 from the column vector space with entries indexed by 	˜ X˜
˜ to the
column vectors spacewith entries indexed by X˜which are constant on each class of 	˜ X˜
˜ deﬁned by 	(˜v)(˜x)=	˜ ˜v
˜ (˜	 x˜
˜ )
for all x˜ ∈ X˜. Also consider the invertible linear transformation 
 from the column vector space with entries indexed
by X with all entries not indexed by elements of p equal to zero to the column vector with entries indexed by p
deﬁned by 
(v)(x) =  v (x) for x ∈ p . Observe that the result of multiplication by H 
˜ on the column vector
space with entries indexed by 	˜ X˜
˜ is just the composition 
LH	 of invertible linear transformations. Thus H 
˜ is
invertible.
(ii) Similar to (i). By Theorem 6.4, EiH = HE˜∗i , so
∑
x′∈		x

EiH(x′, x˜) =
∑
x′∈		x

HE˜∗i (x′, x˜). Computing
both sides of this equation with simpliﬁcations similar to those used in (i) gives 	Ei
	H ˜ = 	H ˜ ˜ E˜∗i ˜ . Also by
Theorem 6.4, A∗i H = HA˜i , so
∑
x′∈		x

A∗i H(x′, x˜) =
∑
x′∈		x

HA˜i(x′, x˜). Computing both sides of this equation
gives 	A∗i 
H 
˜ =	H ˜ ˜ A˜i ˜ . As in (i), Lemma 6.5 implies that t	Ai
	H ˜ =	H ˜ ˜ A˜∗i ˜ and 	E∗i 
H 
˜ =	H ˜ t˜ E˜i ˜
for some orderings as well. The proof that H 
˜ is invertible is similar to the proof that 	H ˜ is invertible. 
Both imprimitivity and formal duality can be developed at the level of C-algebras [2] as they depend only on the
parameters of a Bose–Mesner algebra. We expect that most of our results can generalized to a similar level in the
abstract Terwilliger algebra of [14] which is deﬁned using a dual pair of C-algebras.
8. Self-duality and imprimitivity
We brieﬂy consider formal and hyper-self-duality. These cases proceeds as expected, so we omit proofs.We consider
a formally self-dual Bose–Mesner algebra M which is imprimitive with respect to (I,D). We write MI and
	M
D to denote the block and quotient Bose–Mesner algebras ofM with respect to (I,D). It turns out thatM is
also imprimitive with respect to (D,I), so there are block and quotient Bose–Mesner algebras MD and 	M
I of
M with respect to (D,I). For simplicity we shall only consider one subconstituent algebra–in principle we could use
two distinct base points.
Theorem 8.1. LetM denote a Bose–Mesner algebra on X, and assume that  :M→M is a formal duality ofM.
SupposeM is imprimitive with respect to (I,D). Then the following hold.
(i) M is imprimitive with respect to (D,I).
(ii) Let MI denote any block Bose–Mesner algebra of M with respect to (I,D), and let 	M
I denote the
quotient Bose–Mesner algebra of M with respect to (D,I). Then the linear map 
 : MI → 	M
I
satisfying 
 (AiI) = nt	Ei
I (i ∈ I)is a formal duality, where {Ai}i∈I and {Ei}i∈I are in standard
orders for .
(iii) Let 	M
D denote the quotient Bose–Mesner algebra ofM with respect to (I,D), and let MD denote any
blockBose–Mesner algebra ofMwith respect to (D,I).Then the linearmap 	 : 	M
D → MD satisfying
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	 (	Ei
D) = AiD (i ∈ D) is a formal duality, where {Ai}i∈D and {Ei}i∈D are in standard orders for .
Theorem 8.2. LetM denote a Bose–Mesner algebra on X. Fix p ∈ X, and letT denote the subconstituent algebra
ofM with respect to p. Suppose that  :T→T is a hyper-self-duality. Further suppose thatM is imprimitive with
respect to (I,D) (so M˜ is imprimitive with respect to (D,I)). Then the following hold.
(i) Let TI denote the subconstituent algebra with respect to p of the pI-block Bose–Mesner algebra MI
ofM with respect to (I,D). Let 	T
I denote the subconstituent algebra with respect to 	p
I of the quotient
Bose–Mesner algebra 	M
I ofMwith respect to (D,I). Then there is a hyper-duality 
 : TI → 	T
I
satisfying 
 (tAiI) = 	A∗i 
I, 
 (E∗i I)=t	Ei
I (i ∈ I), where {Ai}i∈I and {E˜i}i∈I are in standard
orders for .
(ii) Let 	T
D denote the subconstituent algebra with respect to 	p
D of the quotient Bose–Mesner algebra 	M
D
ofM with respect to (I,D). Let TD denote the subconstituent algebra with respect to p of the pD-block
Bose–Mesner algebra MD ofMwith respect to (D,I). Then there is a hyper-duality 	 : 	T
D → TD
satisfying 	 (	Ei
D)=E∗i D, 	 (	A∗i 
D)=AiD (i ∈ D), where {Ei}i∈D and {A˜i}i∈D are in standard
orders for .
Theorem 8.3. With reference to Theorem 8.2, suppose that the matrix H ∈ MX represents the hyper-self-duality
 :T→T. Then the following hold.
(i) Let H
 ∈MpI,		X

I have (x, 	y
I)-entry
H
 (x, 	y
I) =
∑
y′∈	y
I
H(x, y′) (x ∈ p , 	y
I ∈ 	X
I).
Then H
 represents the hyper-duality 
 of Theorem 8.2(i).
(ii) Let 	H ∈M		X

D,pD have (	x
D, y)-entry
	H (	x
D, y) =
∑
x′∈		x

D
H(x′, y) (	x
D ∈ 	X
D, y ∈ pD).
Then 	H represents the hyper-duality 	 of Theorem 8.2(ii).
9. Example
The reader may ﬁnd it illustrative to ﬁll in the details of the following example associated with the Hamming cubes.
The reader is referred to [3] for background material. For example, we shall implicitly use facts concerning P- and
Q-polynomial Bose–Mesner algebras.
Let d denote a positive integer, and let X denote the set of all d-tuples of zeros and ones. The Hamming d-cube Qd
is the distance-regular graph with vertex set X and two vectors adjacent if they differ in exactly one coordinate. We
consider hyper-duality in the subconstituent algebra of Qd with respect to the zero vector. There is no loss in choosing
this base point as the d-cube is vertex-transitive. The subconstituent algebra of Qd is studied in [15]. The adjacency
matrixA, a Q-polynomial primitive idempotent E, dual adjacency matrixA∗ =(2dE), and dual idempotentE∗ =(A)
are given by
A(u, v) =
{
1 if u, v differ in exactly 1 entry,
0 otherwise,
E(u, v) = 2−d(d − 2j) if u, v differ in exactly j entries,
A∗(u, u) = d − 2j if u has exactly j nonzero entries,
E∗(u, u) =
{
1 if u has exactly one nonzero entry,
0 otherwise
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for all u, v ∈ X. LetH ∈MX denote the matrix with (u, v)-entryH(u, v)=(−1)u·v for all u, v ∈ X. ThenH represents
a hyper-self-duality of Qd :
tAH = HA∗, A∗H = HA, EH = HE∗, E∗H = H tE (0 id).
In particular, the Bose–Mesner algebra of Qd is representably hyper-self-dual.
TheHamming d-cube is imprimitive (it is both bipartite and antipodal). The restriction of the adjacency relation ofQd
to either block of the bipartition of vertices induces an isomorphic copy of the halved d-cube 12Qd . The identiﬁcation of
antipodal vertices of Qd produces the folded d-cube Qd . We now describe the hyper-duality of 12Qd and Qd following
the development of Section 8. We begin by describing generators for the subconstituent algebras of 12Qd and Qd .
Let X = {u ∈ X | u has an even number of nonzero entries}, a cell in the bipartition of Qd . The halved d-cube
1
2Qd is the distance-regular graph with vertex set X and two vectors adjacent if they differ in exactly two coordinates.
Consider the subconstituent algebra of 12Qd with respect to the zero vector. The adjacency matrix A , Q-polynomial
primitive idempotent E , dual adjacency matrix A∗ = (2d−1E ), and dual idempotent E∗ = (A ) are
given by
A (u, v) =
{
1 if u, v differ in exactly 2 entries,
0 otherwise,
E (u, v) = 21−d(d − 2j) if u, v differ in exactly j entries,
A∗ (u, u) = d − 2j if u has exactly j nonzero entries,
E∗ (u, u) =
{
1 if u has exactly two nonzero entries,
0 otherwise
for all u, v ∈ X .
Let 	X
 ={u ∈ X | the ﬁrst coordinate of u is zero}, a set of representatives of antipodal pairs of vertices in Qd . The
folded d-cube Qd is the distance-regular graph with vertex set 	X
 and two vectors adjacent if they differ in either 1
or d − 1 coordinates. Consider the subconstituent algebra of Qd with respect to the zero vector. The adjacency matrix
	A
 , Q-polynomial primitive idempotent 	E
 , dual adjacency matrix 	A∗
 = (2d−1	E
 ), and dual idempotent
	E∗
 = (	A
 ) are given by
	A
 (u, v) =
{
1 if u, v differ in exactly 1 or d − 1 or entries,
0 otherwise,
	E
 (u, v) = 21−d((d − 2min(j, d − j))2 − d)/2
if u, v differ in exactly j or d − j entries,
	A∗
 (u, u) = ((d − 2min(j, d − j))2 − d)/2
if u has exactly j or d − j nonzero entries,
	E∗
 (u, u) =
{
1 if u has exactly 1 or d − 1 nonzero entries,
0 otherwise
for all u, v ∈ 	X
 .
Deﬁne H
 ∈MX,		X

 to have entries H
 (u, v)= (−1)u·v (u ∈ X , v ∈ 	X
 ). Then as predicted by Lemma
8.3, H
 represents a hyper-duality from 12Qd to Qd :
tAH
 = H
	A∗
 , EH
 = H
	E∗
 ,
E∗H
 = H
 t	E
 , A∗H
 = H
	A
 .
When d = 6, Qd is the unique distance-regular graph whose Bose–Mesner algebra is isomorphic to that Qd . However,
there are three distance-regular graphs whose Bose–Mesner algebras are isomorphic to that of Q6 (see [3, p. 264]). In
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fact, their subconstituent algebras with respect to every base point are isomorphic to that of Q6 with respect to the zero
vector (the tools of [8] are helpful in verifying this). Thus each is representably hyper-dual to 12Qd .
Suppose d is even. Then the halved d-cube 12Qd is antipodal and the folded d-cube Qd is bipartite, i.e. both are
imprimitive. The folded halved d-cube is isomorphic to the halved folded d-cube, and each is formally self-dual. It can
be checked as outlined below that the halved folded d-cube is representably hyper-self-dual.
Let Y = {u ∈ X | the ﬁrst entry of u is zero, u has an even number of nonzero entries}. The halved folded d-cube
1
2Qd has vertex set Y with two vectors adjacent if they differ in 2 or d − 2 places. Consider the subconstituent algebra
of 12Qd with respect to the zero vector. The adjacency matrix B, Q-polynomial primitive idempotent F, dual adjacency
matrix B∗ = (2d−2F), and dual idempotent F ∗ = (B) are given by
B(u, v) =
{
1 if u, v differ in exactly 2 or d − 2 or entries,
0 otherwise,
F(u, v) = 22−d(2(d/2 − min(j, d − j))2 − d/2)
if uv differ in exactly j or d − j entries,
B∗(u, u) = (2(d/2 − min(j, d − j))2 − d/2)
if u has exactly j or d − j nonzero entries,
F ∗(u, u) =
{
1 if u has exactly 2 or d − 2 nonzero entries,
0 otherwise
for all u, v ∈ Y . LetK ∈MY denote the matrix with (u, v)-entryK(u, v)= (−1)u·v for all u, v ∈ Y . Then K represents
a hyper-self-duality of 12Qd :
tBK = KB∗, FK = KF ∗, F ∗K = K tF, B∗K = KB .
Although K is not in the subconstituent algebra of 12Qd , it can be shown using module theoretic arguments [6] that this
hyper-self-duality can be represented by some matrix K ′ in the subconstituent algebra of 12Qd , i.e.
1
2Qd is strongly
hyper-self-dual.
When d5, 12Qd is the unique distance-regular graph with Bose–Mesner algebra isomorphic to that of
1
2Qd [19].
We have not considered distance-regular graphs with Bose–Mesner algebras isomorphic to 12Qd for smaller d with
regard to hyper-duality.
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